Multipartite Gaussian Entanglement of Formation by Onoe, Sho et al.
Multipartite Gaussian Entanglement of Formation
Sho Onoe,1, ∗ Spyros Tsekis,2 Austin Lund,1 and Timothy C. Ralph1
1Centre for Quantum Computation and Communication Technology, School of Mathematics and Physics,
The University of Queensland, St. Lucia, Queensland, 4072, Australia
2Centre for Quantum Computation and Communication Technology,
Department of Quantum Science, Australian National University, Canberra, ACT 2601, Australia.
Entanglement of formation is a fundamental measure that quantifies the entanglement of bipartite quantum
states. This measure has recently been extended into multipartite states taking the name α-entanglement of
formation. In this work, we follow an analogous multipartite extension for the Gaussian version of entanglement
of formation, and focusing on the the finest partition of a multipartite Gaussian state we show this measure is
fully additive and computable for 3-mode Gaussian states.
I. INTRODUCTION
Entanglement is a property of quantum mechanics that al-
lows correlations beyond the classical limit. As such, it is
considered a crucial resource that allows certain quantum pro-
tocols to be more efficient than their classical counterpart [1].
Several entanglement measures have been defined in the lit-
erature [1, 2], however in general the quantification of their
values is a challenging task.
Bipartite entanglement of formation (EoF) [3] is defined as
the least expected amount of bipartite entropy of entanglement
(EoE) required to create a state. In general, the quantification
of bipartite EoF involves a minimization over infinite degrees
of freedom, making it hard to compute. Initial research fo-
cused on simple systems such as the 2-qubit system [4, 5],
which led to analytical expressions for the measure.
An analogous measure, called Gaussian EoF (GEoF), fo-
cusing only on Gaussian states and operations, was defined
by Wolf et al. [6]. A few years later, this measure was proven
to be equal to EoF in the case of 2-mode Gaussian states [7, 8].
For these types of states, several efficient numerical methods
and analytical expressions have been derived [6, 9–11]. Re-
cently, in Ref. [12], Szalay introduced a measure referred to
as α-EoF, which is the multipartite extension of bipartite EoF.
In this paper, we follow Wolf’s approach and apply the notion
of α-EoF onto the Gaussian regime. We show that α-GEoF is
a computable multipartite entanglement measure. We utilize a
special case of α-GEoF, which we refer to as N-mode GEoF,
to quantify the total entanglement in a 3-mode Gaussian sys-
tem, in the sense that it is the sum of the entanglement of all
internal partitions of the state.
Our paper is set out in the following way. In section II, we
introduce the conventions adopted in this paper. In section III
we review bipartite entanglement measures. In section IV, we
review α-entanglement measures [12] and introduce a special
subset, referring to it as N-mode EoF. In section V, we apply
α-entanglement measures to the Gaussian regime and prove
N-mode EoF is fully additive. In section VI, we consider the
tripartite case and compute the total entanglement for simple
cases. We summarize and conclude our results in section VII.
∗ sho.onoe@uqconnect.edu.au
II. PRELIMINARIES
A. Modes, Partitions and Sub-Systems
In the discrete variable case, the smallest sub-systems are
referred to as qudits (or qubits for 2-level systems). In the con-
tinuous variable case, the smallest sub-systems are referred to
as modes. For simplicity, this paper will be utilizing the ter-
minology mode, but in this context it can be used interchange-
ably with qudits if we are not considering the case of Gaussian
states.
Let us consider an N -mode state ρˆ. The state of the nth
mode ρˆn can be found via the partial trace over all other
modes:
ρˆn ≡ Tr∀i 6=n(ρˆ) . (1)
ρˆ can be split into M partitions, via assigning each mode into
one of the M partitions (where N > M ). By doing this, we
introduce M sub-systems, denoted {s1, s2, ..., sM}. This de-
fines the M-partitioning, α = s1|s2|...|sM . Each sub-system
sj is defined as the reduced state, achieved through the partial
trace over all other sub-system, i.e.,
ρˆsn ≡ Tr∀si 6=sn(ρˆ) . (2)
B. von Neumann Entropy
Before we get into the quantification of entanglement, we
need to first define a function that a broad family of entangle-
ment measures are based on, i.e., quantum entropy [13–15].
In particular, we focus on the von Neumann entropy, which
for a state ρˆ is defined as
S(ρˆ) ≡ −Tr(ρˆ ln ρˆ) . (3)
S(ρˆ) is a symmetric, basis-independent function, which van-
ishes for pure states. Also, note that it is fully additive for
non-correlated states (although sub-additive in general), i.e.,
S (ρˆs1 ⊗ ρˆs2) = S(ρˆs1) + S(ρˆs2) , (4)
and convex
S
∑
j
pj ρˆj
 >∑
j
pjS(ρˆj) . (5)
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2C. Gaussian States
In the later part of this paper, we will be considering quan-
tum systems comprised of bosonic Gaussian modes, aˆn [16–
19]. These bosonic annihilation operators satisfy the bosonic
commutation relations [aˆn, aˆ†m] = δ
n
m, where δ is the Kro-
necker delta. For Gaussian states, the analysis of first and
second moment [17] is sufficient to characterize the Wigner
function of a particular output mode [20]. The first moment
of an N -mode Gaussian state is fully characterized by its 2N -
dimensional displacement vector, ~D. The second order mo-
ment is described by its 2N × 2N real symmetric covariance
matrix [21], σ. As a result, all Gaussian states can be written
as ρˆσ, ~D.
The ith element of the displacement vector is defined in the
following way:
~Di ≡ Tr(ρRˆi) , (6)
where
~R ≡ (qˆ1, ..., qˆN , pˆ1, ..., pˆN )T , (7)
and we have defined qˆn ≡ aˆn + aˆ†n and pˆn ≡ aˆn − aˆ†n. The
{i, i′}th element of the covariance matrix σ is defined in the
following way:
σii′ ≡ Tr
[
ρˆ(RˆiRˆi′ + Rˆi′Rˆi)
]
− 2Tr
[
ρˆRˆi
]
Tr
[
ρˆRˆi′
]
. (8)
III. BIPARTITE ENTANGLEMENT MEASURES
A. Bipartite Entropy of Entanglement
EoE, Es1|s2 , is the typical way to quantify bipartite entan-
glement in pure states, ψˆ := |ψ〉〈ψ| [22]. This measure is
given by the von Neumann entropy of the reduced state:
Es1|s2(ψˆ) ≡ S
[
Trs2(ψˆ)
]
. (9)
As ψˆ is a pure state, EoE is invariant under permutations, i.e.,
Es1|s2(ψˆ) = Es2|s1(ψˆ). This is a reliable bipartite entangle-
ment measure as it satisfies the following postulates [1, 2]:
1. Es1|s2 is an indicator function for separability between
the subsystem s1 and s2;
Es1|s2(ψˆ) = 0⇔ ψˆ = ψˆs1 ⊗ ψˆs2 . (10)
2. Es1|s2 is non-increasing on average under local oper-
ations and classical communications (LOCC), Λˆs1|s2 ,
where the locality is defined in terms of the sub-system
s1 and s2 [2, 3, 23–26];
Es1|s2(ψˆ) >
∑
j
pjEs1|s2
[
Λˆj,s1|s2(ψˆ)
]
, (11)
where
Λˆs1|s2(ψˆ) =
∑
j
pjΛˆj,s1|s2(ψˆ) , (12)
are pure LOCC sub-operations [12, 27].
B. Bipartite Entanglement of Formation
A natural way to extend an entanglement measure to mixed
states is via the convex-roof extension [3, 28–30]. EoF is de-
fined as the convex-roof extension of EoE:
EF,s1|s2(ρˆ) ≡ inf
ρˆ=
∑
j pj ψˆj
∑
j
pjEs1|s2(ψˆj)
 , (13)
where “inf” becomes a “min” for discrete variable states, and
the sum can be replaced with an integral when considering a
continuum of pure states.
This is a reliable bipartite entanglement measure as it satis-
fies the mixed state extension of the aforementioned postulates
[12] and an extra one, i.e.,
3. for pure states EF,s1|s2 reduces to the entropy of entan-
glement, i.e.,
EF,s1|s2(ψˆ) = Es1|s2(ψˆ) . (14)
As von Neumann entropy is convex, postulate 2 implies
that bipartite EoF is also non-increasing under LOCC;
EF,s1|s2(ρˆ) ≥ EF,s1|s2
[
Λˆs1|s2(ρˆ)
]
.
IV. M-PARTITE ENTANGLEMENT MEASURES
A. α - Separability
Entanglement can also exist among several partitions.
There are several ways to divide an N -mode system into M
partitions. To make a distinction between the partitioning,
Szalay [12] introduced a hierarchy of separability classes. A
pure state, |ψ〉α, is called “α-separable” when
|ψ〉α ≡
⊗
si∈α
|ψsi〉 . (15)
For example, a pure five-mode state is 1|23|45-separable if
and only if the state can be written in the following way
|ψ〉1|23|45 = |ψ1〉 ⊗ |ψ23〉 ⊗ |ψ45〉 . (16)
Then an α-separable mixed state can be written in the fol-
lowing way
ρˆα =
∑
j
pj |ψj〉α〈ψj |α . (17)
We can then make a hierarchy for separability as follows: α
precedes or equals β, if all sub-system in β can be written as
a subset or equal to a subsystem in α, i.e.,
α  β ⇔ ∀si ∈ β, ∃si′ ∈ α : si ⊆ si′ . (18)
If α has a finer partition than β (i.e. α  β), then a state which
is β separable must also be α separable.
3B. α-Entropy of Entanglement and α-Entanglement of
Formation
1. α-Von Neumann Entropy
Let us define α-von Neumann entropy in the following way:
Sα(ρˆ) ≡ 1
2
∑
si∈α
S(ρˆsi) . (19)
This is a measure that is well-defined for all states ρˆ. Due
to the fully additivity of S, Sα is also fully additive:
Sα(ρˆA ⊗ ρˆB) = SαA(ρˆA) + SαB (ρˆB) , (20)
where αC , C ∈ {A,B}, is the subset of α which includes the
part that overlaps with the system C.
2. α-Entropy of Entanglement and Entanglement of Formation
In the multipartite case, Szalay [12] defined the α-EoE of a
pure state ψˆ to be:
Eα(ψˆ) = Sα(ψˆ) . (21)
This measure can be interpreted as the sum of entanglement
between the partitions.
α-EoF is defined as the convex-roof extension to α-
EoE[12]:
EF,α(ρˆ) ≡ inf
ρˆ=
∑
j pj ψˆj
∑
j
pjEα(ψˆj)
 . (22)
α-EoE and EoF are reliable α-entanglement measure as
they satisfy the same postulates as the bipartite case, except
we must replace s1|s2 with α. α-entanglement measures also
satisfy an extra postulate:
4. Eα and Eα must satisfy the multipartite monotonicity;
Eα(ρˆ) 6 Eβ(ρˆ), ∀α  β , (23)
EF,α(ρˆ) 6 EF,β(ρˆ), ∀α  β . (24)
This means that an entanglement measure of finer partition
is sensitive to more entanglement within the system, hence
giving a larger value.
C. N-Mode Entropy of Entanglement and N-Mode
Entanglement of Formation
1. N-Mode Entropy of Entanglement
In this section, we consider the finest partitioning of α-
entanglement measure and refer to it as the N -mode entropy
of entanglement (NEoE) and formation (NEoF). We notice
that we have replaced the term partition with mode, as we
are no longer interested in the entanglement between the par-
tition that we assign, but with every mode that exists within
the system, i.e. N = M . NEoE and NEoF satisfy the same
postulates as α-entanglement measures with the finest parti-
tioning.
For a pure N -mode state, ψˆ, NEoE is defined in the follow-
ing way:
E˜(ψˆ) = S˜(ψˆ) ≡ 1
2
N∑
n=1
S
[
Tr∀i 6=n(ψˆ)
]
. (25)
NEoE is the sum of all entanglement between each mode and
the rest of the system. Due to multipartite monotonicity, this
measure is also the largest pure entanglement measure out of
the α-EoF. For this reason, we refer to this quantity as the total
of entanglement within the system.
To highlight a feature of this measure, let us consider a 2-
mode entangled state, with a vacuum input in the 3rd mode.
In this case, this measure will reduce down to the bipartite
entanglement between the 2-mode entangled state, giving the
total entanglement within the system. In comparison, a gen-
uine tripartite entanglement measure [31, 32] would be zero
in this case, as there is only bipartite entanglement.
2. N-Mode Entanglement of Formation
For an N -mode mixed state, ρˆ, NEoF is defined in the fol-
lowing way:
E˜F(ρˆ) ≡ inf
ρˆ=
∑
j pj ψˆj
∑
j
pjE˜(ψˆj)
 . (26)
This measure quantifies the least expected total entangle-
ment that is required to create the mixed state. Even though
this is a well-defined measure it is hard to compute as there
are infinite degrees of freedom for the set {pj , ψˆj}. In this
paper, we limit ourselves to a Gaussian convex roof-extension
to overcome this problem.
V. α-GAUSSIAN ENTANGLEMENT OF FORMATION
A. Von Neumann Entropy and α-EoE for Gaussian States
For Gaussian states, the von Neumann entropy of a state,
ρˆσ, ~D, is fully characterized by its covariance matrix. The von
Neumann entropy of an N -mode Gaussian state with covari-
ance matrix σ can be calculated as follows [33]:
S(σ) =
1
2
N∑
n=1
h(νn) , (27)
where νn is the nth symplectic eigenvalue of σ, and
h(x) ≡ x+
2
log2(
x+
2
)− x−
2
log2(
x−
2
) , (28)
4with x± ≡ x± 1 an auxiliary function.
As the von Neumann entropy is fully characterized by its
covariance matrix, α-EoE of a pure state, ψˆpi, ~D, is also fully
characterized by its covariance matrix. The α-EoE of a pure
state with covariance matrix pi is calculated as follows:
Eα(pi) =
1
2
∑
si∈α
S [Trsi(pi)] . (29)
A covariance matrix is pure if and only if det(pi) = 1.
B. α-Gaussian Entanglement of Formation
A mixed Gaussian state ρσ, ~D can be decomposed into a
mixture of pure Gaussian states in the following way:
ρˆσ, ~D =
∫
dpid ~D′ µ(pi, ~D′)ψˆpi, ~D′ , (30)
where µ is the probability density of ρˆpi, ~D′ . In Ref. [6] the
authors defined the bipartite Gaussian entanglement of forma-
tion (GEoF), and analogously we define the α-GEoF as fol-
lows
EG,α(ρˆσ, ~D) ≡ infµ
{∫
dpid ~D′ µ(pi, ~D′)Eα(pi)
|ρˆσ, ~D =
∫
dpid ~D′ µ(pi, ~D′)ψˆpi, ~D′
}
.
(31)
This definition involves a minimization over infinite degrees
of freedom, however by following the analysis of Ref. [6], we
find that Eqn. (31) reduces to the following expression
EG,α(σ) = inf
pi
{Eα(pi)|σ = pi +ϕ} , (32)
where ϕ is a positive semi-definite matrix. This equation has
finite free parameters, and therefore is a computable entangle-
ment measure. In the App. A we utilize Eqn. (32) to prove
the additivity of NGEoF.
VI. N-MODE GAUSSIAN ENTANGLEMENT OF
FORMATION FOR 3 MODE STATES
A. Mixed 3-mode Gaussian states
For mixed 3-modes states, we can utilize Gaussian local
unitary operations (GLUO; refer to App. B) to reduce the
state into the standard form [31, 34]:
σsf =

a1 e1 e3 0 0 e4
e1 a2 e6 0 0 e7
e3 e6 a3 0 e8 0
0 0 0 a1 e2 e5
0 0 e8 e2 a2 e9
e4 e7 0 e5 e9 a3
 . (33)
As GLUO do not affect the entanglement, we can reduce
Eqn. (32) to the following:
EG,α(σ) = inf
pi
{E(pi)|σsf − pi > 0} . (34)
In the next subsection, we fully parametrize pi.
B. Pure 3-mode Gaussian States
By utilizing GLUO, L, we can reduce any pi to the standard
form [35, 36]. For the 3-mode pure state, the standard form is
[37]:
pisf =

a1 e
+
12 e
+
13 0 0 0
e+12 a2 e
+
23 0 0 0
e+13 e
+
23 a3 0 0 0
0 0 0 a1 e
−
12 e
−
13
0 0 0 e−12 a2 e
−
23
0 0 0 e−13 e
−
23 a3
 , (35)
where e±ij are a function of a1, a2 and a3. For pisf to be a
physical covariance matrix the inequality |ai − aj | 6 ak − 1
must be satisfied [31]. All pure states can then be decomposed
in the following way:
pi = Lpisf(a1, a2, a3)L
T . (36)
In general, L has 9 free parameters, and hence the mini-
mization of Eqn. (34) can be conducted over 12 free parame-
ters. A numerical code which scans over all possible pi with
finite size step for these 12 free parameters can be created.
The condition (σsf,n − pin) > 0, gives a finite range for all
local squeezing operations, a1, a2 and a3. The phase parame-
ters are limited to 0 > φ > 2pi.
C. q-p states
In this section we consider a special class of states where
we can reduce the number of free parameters to 6. In spe-
cial cases, the standard form of the mixed state reduces to the
following form:
σqp =

a1 e1 e3 0 0 0
e1 a2 e6 0 0 0
e3 e6 a3 0 0 0
0 0 0 a1 e2 e5
0 0 0 e2 a2 e9
0 0 0 e5 e9 a3
 . (37)
We will refer to these states as q-p states. q-p states have the
property that the qˆ-quadrature is completely uncorrelated to
the pˆ-quadrature. This means that we can write the following:
σqp = σqˆ ⊕ σpˆ . (38)
Following the analysis in Ref. [6], we prove in App. C that
the optimum pure state to create such a state must also be a
q-p state:
piqp = piqˆ ⊕ pipˆ . (39)
5FIG. 1. A plot demonstrating how NGEoF changes with input noise.
The red line represents the NGEoF for a thermal input, ˆrhon¯, in all
three modes. The blue line represents the NGEoF for thermal input
in one mode, with all other modes being a vacuum input.
These states only have 6 free parameters, which greatly re-
duces the complexity of the problem.
D. Numerical Results
Consider a two-mode Gaussian state, where one of the
modes is thermal, while the others are vacuum. When a two-
mode squeezer is applied to such a state, the bipartite GEoF
is constant regardless of the number of photon in the thermal
mode [37–39].
We aim to replicate an analogous result in the tripartite
case, utilizing NGEoF. We consider a case where a 3-mode
squeezer, Sˆ3 (details of this operation can be found in App.
D), is applied to an input with with all three modes which are
thermal with an average of n¯ particles. Since the output state
is a q-p state, we conduct an numerical optimization over q-p
state to obtain Fig. 1. We repeat this process in the case where
Sˆ3 is applied to an input with 1 mode which is thermal and the
rest being a vacuum. NGEoF is constant in when there is only
one thermal input, which is an analogous result to the 2-mode
case.
VII. CONCLUSION
In this paper, we utilized the analysis of Ref. [12] on multi-
partite entanglement measures, and applied it to the Gaussian
regime. We successfully demonstrated that the degree of free-
dom for this measure reduces down to a finite one for all Gaus-
sian states. In particular, we were interested in a special case
of α-GEoF; NGEoF which quantifies the least expected total
entanglement that is required to create the state. We proved
that this measure is fully additive. In the last section we quan-
tified its value for simple 3-mode Gaussian states and demon-
strated that this measure displayed analogous features to the
2-mode case.
An interesting future research direction would be to com-
pare NGEoF and NEoF. For the 2-mode case, it has been
proven that NGEoF and NEoF coincides with each other for
Gaussian states [7, 8]. It would be beneficial to prove that
this can be extended to the N-mode case. Combined with the
result that NGEoF is additive, as proven by this paper, the ad-
ditivity of NEoF would then be proven for Gaussian states in
general.
In this paper, we were particularly interested in NEoF, how-
ever there are other interesting α-EoF measures. In particular,
there is a α-EoF which quantifies the genuine tripartite en-
tanglement within a three mode system [12, 32]. We refer
to this measure as a genuine tripartite entanglement measure,
as it vanishes for all states which are not genuinely tripartite
entangled states. A recent paper [32] looked into finding an
upper bound to this measure for the DV case. It would be in-
teresting to apply this to the Gaussian regime, and investigate
how useful the measure is.
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Appendix A: Additivity of N-mode Gaussian Entanglement of Formation
Proposition 1. NGEoF for Gaussian states σ = σA ⊕ σB is fully additive, i.e.,
E˜G(σA ⊕ σB) = E˜G(σA) + E˜G(σB) . (A1)
where σA and σB is an N -mode and N ′-mode Gaussian state, respectively.
Proof. NGEoF is by construction sub-additive, i.e.,
E˜G(σA ⊕ σB) 6 E˜G(σA) + E˜G(σB) , (A2)
and thus its additivity can be shown by proving that NGEoF is super-additive too, i.e.,
E˜G(σA ⊕ σB) > E˜G(σA) + E˜G(σB) . (A3)
The Gaussian state σ = σA ⊕ σB can decomposed as
σ = σA ⊕ σB = pi +ϕ , (A4)
6where pi is a pure Gaussian state and ϕ is a positive semidefinite matrix. For any ϕ > 0, the NGEoF for the states σA and σB
satisfies
E˜G[TrB(pi)] > E˜G[TrB(pi +ϕ)] = E˜G(σA) , (A5a)
E˜G[TrA(pi)] > E˜G[TrA(pi +ϕ)] = E˜G(σB) , (A5b)
so we have
E˜G[TrA(pi)] + E˜G[TrB(pi)] > E˜G(σA) + E˜G(σB) . (A6)
The N ′-mode state TrA(pi) and N -mode state TrB(pi) in the above inequality can also decomposed as follows
TrA(pi) = piB +ϕB , (A7a)
TrB(pi) = piA +ϕA , (A7b)
and again for arbitrary ϕA > 0 and ϕB > 0 we have
E˜G(piA) > E˜G(piA +ϕA) = E˜G[TrB(pi)] , (A8a)
E˜G(piB) > E˜G(piB +ϕB) = E˜G[TrA(pi)] , (A8b)
which implies
E˜G(piA) + E˜G(piB) > E˜G[TrA(pi)] + E˜G[TrB(pi)] . (A9)
Since piA and piB are pure states, their NGEoF is equivalent to their entropy of entanglement, i.e.,
E˜G(piA) = E˜(piA) = S˜(piA) , (A10a)
E˜G(piB) = E˜(piB) = S˜(piB) , (A10b)
and for arbitrary ϕA > 0 and ϕB > 0 we get
S˜[TrB(pi)] = S˜(piA +ϕA) > S˜(piA) , (A11a)
S˜[TrA(pi)] = S˜(piB +ϕB) > S˜(piB) (A11b)
which combined with the inequality (A6) and (A9) turns into
S˜[TrA(pi)] + S˜[TrB(pi)] > E˜G(σA) + E˜G(σB) . (A12)
We now notice that for any (N +N ′)-mode state σ we have
S˜(σs1s2) = S˜[Trs1(σs1s2)] + S˜[Trs2(σs1s2)] (A13)
and thus the left-hand side of the inequality (A12) becomes
S˜[TrB(pi)] + S˜[TrA(pi)] = S˜(pi) = E˜(pi) . (A14)
Given that the above equality is true for every pi, it should be also true for the “optimal” pio that gives the NGEoF of the global
state σ = σA ⊕ σB in Eqn. (A4), i.e.,
E˜G(σ) = E˜G(σA ⊕ σB) = E˜(pio) . (A15)
Combining the above Eqns. (A14) and (A15) with the inequality (A12), we get
E˜G(σA ⊕ σB) > E˜G(σA) + E˜G(σB) , (A16)
which completes the proof.
7FIG. 2. A schematic decomposition of all GLUO operations.
Appendix B: Gaussian Local Unitary Operations
In this section we introduce a useful class of operations Gaussian local unitary operations (GLUO). GLUO are operations
which do not increase or decrease the amount of entanglement. By definition, these operations are a subset of LOCC (here,
locality is defined with respect to each mode), which means that they cannot increase the entanglement. As these operations are
locally reversible (i.e. unitary in terms of the Heisenberg picture), they cannot decrease the entanglement.
We introduce the GLUO of a N -mode state as follows:
L ≡
N⊕
n=1
Ln , (B1)
where Ln is the GLUO in each mode. Each GLUO can be decomposed through the Bloch Messiah decomposition [40, 41] as
Ln = L(φ
′
n)L(rn)L(φn) , (B2)
where
L(φ) ≡
[
cos(φ) sin(φ)
sin(φ) cos(φ)
]
, (B3)
corresponds to phase rotations, and
L(r) ≡
[
cosh(r) 0
0 sinh(r)
]
, (B4)
corresponds squeezing operations. A schematic diagram of this decomposition for GLUO is shown in Fig B.
Appendix C: Optimization of NGEoF for q-p states
Proposition 2. Consider a q-p state σqp. For every pure state, pi 6 σ, there exists a q-p pure state pi′qp 6 σ which satisfies the
following:
E˜(pi) > E˜(pi′qp) (C1)
Proof. Any Gaussian pure state pi can be written in the following way [6]:
pi(X,Y ) =
[
X XY
Y X YXY +X−1
]
, (C2)
where X > 0 and Y are real symmetric N × N matrix with X > 0. For q-p states, Y = 0. For every σqp > pi(X,Y ), we
have the following [6]:
σqp > pi(X,Y )⇒ σqp > pi(X, 0) (C3)
8We also have that the determinant of the single mode pin(X,Y ) is always larger than pin(X,0):
det [pin(X,0)] 6 det [pin(X,Y )] (C4)
The entropy of a single mode state is computed to be;
S(σn) = h
[√
det(σn)
]
, (C5)
As this is true for every mode, combining Eqn. (C5) and (C4) gives the following:
E˜[pin(X,0)] 6 E˜ [pin[X,Y )] (C6)
Eqn. (C3) and (C6) completes the proof.
Appendix D: Symmetric 3-Mode Squeezing Operation
The Heisenberg evolution of a three mode squeezing operation is as follows [42]:
Sˆ†3aˆiSˆ3 = cosh(r)aˆi + sinh(r)
[
−1
3
aˆ†i +
2
3
(aˆ†j + aˆ
†
k)
]
. (D1)
The covariance matrix representation of a three mode squeezer is given by
S3(r3) =

α+ β+ β+ 0 0 0
β+ α+ β+ 0 0 0
β+ β+ α+ 0 0 0
0 0 0 α− β− β−
0 0 0 β− α− β−
0 0 0 β− β− α−
 , (D2)
where we have defined the following:
α± ≡ cosh(r3)∓ sinh(r3)
3
, β± ≡ ±2 sinh(r3)
3
. (D3)
We obtain the GhZ/W state [31] when we apply this operator onto the vacuum state. In the standard form [37], this state can
be written in the following way:
piGhZ/W,sf(r3) ≡ (S3ST3 )sf =

α′ β′+ β
′
+ 0 0 0
β′+ α
′ β′+ 0 0 0
β′+ β
′
+ α
′ 0 0 0
0 0 0 α′ β′− β
′
−
0 0 0 β′− α
′ β′−
0 0 0 β′− β
′
− α
′
 , (D4)
where
α′ ≡ 1
3
√
9 cosh(2r3)2 − sinh(2r3)2 , β± ≡ ±|2 sinh(2r3)|
3
√
3 cosh(2r3)± | sinh(2r3)|
3 cosh(2r3)∓ | sinh(2r3)| . (D5)
The Bloch-Messiah decomposition [40, 41] of this operator can be found in a straightforward fashion by setting the local
squeezers to be equal with 2pi/3 phase differences.
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